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THE  TRAVELLING  SALESMAN  PROBLEM  IN  GRAPHS 


WITH  3-EDGE  CUTSETS 
by 

G.  Comuejols,  D.  Naddef,  and  W.  Pulleyblank 


ABSTRACT 

r>  u •rLt+r 

In  this  paper  jaa  analyze  decomposition  properties  of  a  graph  which, 
when  they  occur,  permit  a  polynomial  solution  of  the  travelling  salesman 
problem  and  a  description  of  the  travelling  salesman  polytope  by  a  system 
of  linear  equalities  and  inequalities.  The  central  notion  is  that  of  a 
3-edge  cutset,  namely  a  set  of  3  edges  which,  when  removed,  disconnects 

i  ke  fr 

the  graph.  Conversely,  pvf  approach  can  be  used  to  construct  classes  of 


graphs  for  which  there  exists  a  polynomial  algorithm  for  the  travelling 

-  ,  t's  ; //o.sfr'A.ftl  t 

salesman  problem.  We  illustrate  che  approach  on  two  examples^  Halin 


Halin 


graphs  and  prismatic  graphs. 


THE  TRAVELLING  SALESMAN  PROBLEM  IN  GRAPHS 
WITH  3 -EDGE  CUTSETS 

by 

G.  Cornaejols,  D.  Naddef,  and  W.  Pulleyblank 

I.  Introduction 

Many  NP-bard  graph  problems  become  polynomial^  solvable  for 
special  classes  of  graphs.  For  example,  the  problem  of  finding  a  maximum 
weight  stable  set  in  a  general  graph  a  NP-hard,  but  is  polynomial^ 
solvable  for  series-parallel  graphs  (Boulala,  Uhry  [2|),  for  claw-free  graphs 
(Minty  [23],  see  also  Sbihi  (27))  and  for  perfect  graphs  (Grotschel,  Lovasx 
and  Schrijver  (15]).  Many  optimization  problems  on  graphs  can  be 
formulated  as  integer  programs.  There  is  a  polyhedron  naturally 
associated  with  any  integer  program,  namely  the  convex  hull  of  the 
feasible  integer  solutions.  Following  the  pioneering  work  of  Edmonds  on 
matchings  (8)  and  matroids  (9),  the  development  of  a  polynomial 
algorithm  for  such  a  problem  has  often  been  very  closely  related  to  the 
obtaining  of  a  system  of  linear  equalities  and  inequalities  whose  solution 
set  is  the  corresponding  polyhedron.  Knowledge  of  such  a  linear  system  is 
useful  for  two  reasons:  First,  if  the  size  of  the  system  is  small,  then  general 
linear  programming  methods  can  he  used  to  solve  the  integer  program. 
Second,  even  when  this  linear  system  is  large,  linear  programming  duality 
provides  a  good  optimality  criterion. 

Recently  Grotschel,  Lovasx  and  Schrijver  [15|  have  shown  that  there 
is  indeed  a  close  connection  between  the  problem  of  finding  a  polynomial 
optimization  algorithm  and  the  problem  of  finding  a  linear  description  of 
the  underlying  polyhedron.  They  showed,  by  making  use  of  the 
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polynomial^  bounded  Schor-Kachian  ellipsoidal  algorithm  for  linear 
programming,  that  there  exists  a  polynomial^  bounded  algorithm  for  an 
optimization  problem  if  and  only  if  there  is  a  polynomial^  bounded 
algorithm  for  the  associated  separation  problem:  given  a  point  *,  either 
verify  that  it  belongs  in  the  polyhedron  or  else  find  a  hyperplane  that 
separates  it  from  the  polyhedron.  (See  (15)  for  a  precise  description  of  this 
result.) 

In  fact,  their  algorithm  for  finding  a  maximum  weighted  stable  set 
in  a  perfect  graph  makes  use  of  an  earlier  theorem  of  Chva'tal  which  gives 
a  complete  linear  system  sufficient  to  define  the  convex  hull  of  the 
incidence  vectors  (or  characteristic  vectors)  of  the  stable  sets.  The 
Boulala-Uhry  algorithm  for  series-parallel  graphs  is  developed  in 
connection  with  a  defining  linear  system  for  the  stable  set  polyhedra  for 
these  graphs.  Curiously,  the  Minty  algorithm  for  maximum  weight  stable 
sets  in  daw-free  graphs  does  not  provide  an  explicit  linear  description  of 
the  associated  polyhedra,  and  it  would  be  fair  to  say  that  the  obtaining  of 
such  a  linear  system  is  one  of  the  outstanding  open  problems  of  polyhedral 
combinatorics.  Giles  and  Trotter  [11|  have  shown  that  such  a  system  will 
be  leas  "simple”  than  for  the  other  classes  for  which  such  a  system  is 
known. 

At  present,  perhaps  surprisingly,  only  very  few  classes  of  travelling 
salesman  problems  (TSP’s)  are  known  to  be  polynomial^  solvable  (see 
Gilmore  and  Gomory  [12|,  Syslo  [28],  Lawler  [20|,  Garfinkel  [10],  Cutler  [7] 
and  Ratliff  and  Rosenthal  [28])  .  They  are  generally  cases  of  the 
asymmetric  TSP  and  assume  a  special  cost  structure.  To  our  knowledge 
there  is  no  nontrivial  class  of  graphs  for  which  the  TSP  poiytope  has  been 
explicitly  described  by  a  system  of  linear  inequalities. 

In  this  paper  we  show  that  the  TSP  can  be  solved  polynomiaily  for  a 
class  of  graphs  which  includes,  as  special  cases,  Haiin  graphs  and  prismatic 
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graphs.  This  algorithm  is  based  on  some  more  general  decomposition 
properties  which  are  presented  in  Section  2.  (It  is  interesting  to  relate 
these  decomposition  ideas  to  those  of  Bonlala  and  Uhry  [2j.)  Section)!  3 
gives  the  examples  of  Halin  and  prismatic  graphs  whereas  Section  4  deals 
with  polyhedral  theorems.  The  last  two  sections  contain  additional  results 
and  extensions.  The  remainder  of  this  section  will  be  devoted  to  some 
basic  definitions  and  notation. 

We  let  G—(V,E)  denote  a  graph  with  vertex  set  V  and  edge  set  E. 
If  an  edge  c£E  is  incident  with  vertices  u,t>€ V,  then  we  write  e«(u,v). 
For  any  SQ  V  we  let  1(5)  denote  the  set  of  edges  with  one  end-vertex  in  5 
and  the  other  in  V-S,  Le.,  5(5)ss{(tt,t?)€£:v€5,v£5}.  For  v£V  we 
abbreviate  $({»})  by  5(t»).  When  5  and  V-S  each  contain  at  least  two 
vertices,  we  call  5(5)  a  nontrivial  edge  cutset,  or  simply  an  edge  cutset,  and 
call  5  and  V-S  its  shores.  (For  oG.V,  we  call  5(e)  a  trivial  edge  cutset.  ) 
For  5QV,  we  let  (7x5  denote  the  graph  obtained  by  shrinking  (or 
contracting)  5.  That  is,  the  vertices  of  G  X  5  are  all  vertices  of  V-S,  pins 
a  new  pseudovertex  5  obtained  by  identifying  all  vertices  of  5.  The  edges 
of  G  X  5  are  defined  as  follows  (Figure  1): 

(i)  An  edge  with  both  ends  in  5  disappears; 

i 

(ii)  An  edge  with  both  ends  in  V-S  remains  unchanged; 

(iii)  An  edge  of  5(5)  now  joins  the  incident  vertex  of  V-S  and  the 
pseudo-vertex  5. 

For  any  SQV  we  let  <7(5)  denote  the  set  of  edges  of  G  having  both 
ends  in  5  and  we  let  G{S]  denote  the  subgraph  of  G  induced  by  the 
vertex  set  5,  i.e.,  <7(5)«(5,7(5)).  If  z»(x(e):e€£)  is  any  function  from 
E  into  If  then  for  any  EQE  we  define  z(E)m£(x(e):e£E). 

A  Hamilton  cycle  of  (7  is  a  cycle  passing  through  each  vertex  exactly 
once.  A  Hamilton  path  between  vertices  u  and  v  is  a  path  joining  tt  and  v 
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Figure  1 

which  passes  exactly  oace  through  each  vertex  of  G.  A  graph  is  called 
Hamiltonian  if  it  coa tains  at  least  one  Hamilton  cycle.  A  tour  is  the 
incidence  rector  of  the  edges  belonging  to  a  Hamilton  cycle.  Thus  a  tour 
is  a  0-1  rector  x~(x(e):e€£)  haring  |£|  components,  sach  that  the  set  of 
edges  haring  x(e)—l  n  the  edge  set  of  a  Hamilton  cycle. 

The  travelling  talesman  polytope,  TSP(G),  is  the  conrex  hall  of  the 
toars  of  G.  That  is,  T5P(<7)  consists  of  all  those  lEfl*  which  can  be 
expressed  as  a  conrex  combination  of  tonis  of  G.  Therefore,  TSP[G)  is 
the  smallest  conrex  polytope  in  JR*  which  contains  all  toars  of  G.  Every 
extreme  point  of  TSP(G)  will  be  a  tour,  and  conversely,  every  toar  is  an 
extreme  point  of  T5P((7). 

Now  sappose  that  we  are  given  a  rector  /»(f(e):e€£)  of  real  edge 
costs.  The  cost  of  a  set  E£E  is  simply  f(E)"£(f(e):e€£).  The 
travelling  taleoman  problem  (abbreviated  by  TSP)  is  the  following:  Given  a 
graph  <7«(  V,E)  and  a  rector  /™(/(e):egE)  of  edge  costs,  find  a  Hamilton 
cycle  for  which  the  cost  of  the  edge  set  is  minimized.  This  problem  is  well 
known  to  be  NP-hard  for  general  graphs.  It  has  attracted  a  great  deal  of 
attention  in  the  last  two  decades  and  references  on  the  subject  are  too 
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numerous  to  b«  listed  here  completely.  One  can  consult  for  example  Little 
et  al  [21],  Held  and  Karp  [19]  and  more  recently,  Grotschel  {14|,  Crowder 
and  Padberf  (6). 

Solving  a  TSP  is  equivalent  to  minimizing  £(f(e)*(e):e6£)  over  all 
z£TSP{G),  for  the  minimum  of  an  linear  objective  function  over  a 
polytope  is  always  attained  at  an  extreme  point,  in  our  case  a  tour. 
Because  of  the  fact  that  the  number  of  Hamilton  cycles  in  a  graph  can 
grow  exponentially  with  the  number  of  vertices,  the  above  definition  of 
TSP(G)  does  not  provide  a  reasonable  means  for  solving  the  travelling 
salesman  problem.  However  a  classical  result  of  polyhedral  theory  is  that 
every  polytope  is  the  solution  set  to  a  finite  system  of  linear  inequalities. 
For  several  classes  of  graphs  described  in  this  paper,  the  size  of  such  a 
system  for  T5P((7)  grows  linearly  with  the  number  of  vertices,  even 
though  the  number  of  tours  grows  exponentially.  Thus  the  polyhedral 
results  presented  here  enable  us  to  solve  TSP’ s  in  these  classes  of  graphs 
using  standard  linear  programming  algorithms  as  an  alternative  to  the 
direct  algorithms  presented  in  the  paper. 

However  a  complete  description  of  r£P((7)  by  a  system  of  linear 
inequalities  is  not  known  for  general  graphs.  It  is  known  that  the  number 

i 

of  essential  inequalities  in  such  a  system  can  grow  at  least  exponentially 
with  the  number  of  vertices.  A  partial  description  can  be  found  in 
Grotschel  and  Padberg  (16],  Grotschel  (13|,  Cornuejols  and  Puileyblaak  (5] 
and  Grotschel  and  Pulleyblank  (17|. 


2.  Some  Bank  Results 
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Tb«  basic  reduction: 

Let  {e,f,g }  be  a  3-edge  cutset  and  let  S  and  V-S  be  its  two  shores. 
Assume  (see  Figure  2)  that  there  are  distinct  vertices  u,v,w,  of  5  incident 
with  e,f,g  respectively.  Let  L%9,L%m,Lm  be  the  costs  of  the  optimal 
Hamilton  paths  between  a  and  a, a  and  w  and  v  and  w  respectively  in 
<7(5],  where  we  set  this  cost  to  some  large  value  L  if  no  such  Hamilton 
path  exists.  (For  example,  we  can  let  L  be  twice  the  sum  of  the  absolute 
values  of  the  edge  costs  plus  one.) 


Let  a,0,e  be  defined  by  the  following  system  of  equations: 

o+ 

0+ 

a+  c»L(V. 

This  system  has  the  unique  solution 

<*“”7 (£«*-£«•+£»•) 
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fi— %iLm-L„+L„) 


Now  defioe  the  rector  l'  of  edge  costs  for  GxS  by  Jetting  l' ml  for  all 
edges  except  t,J  and  g  and  by  letting  /'(e)«l(e)+  a  ,  /' (/)*!(/)+ ff  , 
l'  (g)ml(g)+ 1.  If  GxS  has  no  Hamilton  cycle  or  if  the  cost  of  an 
optimum  Hamilton  cycle  of  GxS  with  respect  to  1'  is  at  least  L /2  then 
G  has  no  Hamilton  cycle.  Otherwise  the  cost  of  an  optimum  Hamilton 
cycle  of  GxS,  with  respect  to  V ,  is  the  cost  of  an  optimum  Hamilton 
cycle  of  G  with  respect  to  1.  Furthermore  the  optimum  cycle  for  GXS 
can  be  extended  to  an  optimum  Hamilton  cycle  of  G,  with  respect  to  1, 
by  taking  an  appropriate  optimum  Hamilton  path  of  G[S|. 

Thus,  effectively,  the  basic  reduction  reduces  the  TSP  for  G  to  four 
PSP’s,  three  for  Gx( V-S)  to  compute  and  Lm,  and  one  for 

GxS.  This  rather  simple  observation  does,  however,  hare  some  useful 
algorithmic  consequences  as  observed  below. 

A  S-eonneeted  graph  is  a  graph  such  that  at  least  3  vertices  must  be 
removed  in  order  to  disconnect  it.  Given  a  vertex  set  SC  V,  let  S— «  V-S. 

r 

LEMMA  2.1.  Given  a  3-connected  graph  G  and  vertex  sets  Sx  and  S7  such 
that  |£(5i)|Mi6(52)|«3,  then  at  least  one  of  Sx  and  is  contained  in  one 
of  S%  and  Sj. 

PROOF:  Suppose  the  conclusion  is  false.  Then  the  sets  SxnS3,  SjD^ 
HSj  and  are  all  nonempty  and  so,  since  G  is  3-connected,  each 

has  at  least  three  edges  in  the  coboundary.  Let  Jx  be  the  set  of  edges 
joining  nodes  of  SxnSz  and  JiflJ;  and  let  J3  be  the  set  of  edges  joining 
nodes  of  S/l  S*  and  Then  |$(Si)|+  IflSjJHAHAI 

-- ^l«(5inSj)|+  !«(5ins2)|+  |«(51nSi)|+  since 
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|5(5i)|+ |5(52)|=6  we  most  have  therefore  that  and 

|5(51n52)|™|5(5jn5’2)|»|5(5’1n52)|™|5(5in52)|*3.  But  this  means  that 
5(5ifl5;)  can  contain  at  most  one  edge  of  one  of  5(5t)  or  5(5-),  say  5(5 1). 
Therefore  contains  at  most  one  edge  of  5(5x).  Then  since 

5{5tnS2)  must  contain  at  least  two  edges  of  5(5;),  5(3\n5;)  contains  at 
most  one  edge  of  5(53).  Since  we  have,  therefore,  that 

|5(5’1n52)(<2,  contradictory  to  G  being  3-connected.  Q 

We  say  that  a  class  C  of  3-connected  graphs  is  fully  reducible  if  it 
satisfies  the  following: 

(i)  if  G£C  has  a  3-edge  cutset  with  shores  5  and  then  both  (7x5 
and  Gxf  are  in  C;  and 

(ii)  the  TSP  can  be  solved  in  polynomial  time  for  the  graphs  in  C  which 
do  not  have  a  3-edge  cutset.  We  call  such  graphs  irreducible. 

The  bask  reduction  introduced  in  this  section  enables  us  to 
polynomial^  solve  the  TSP  for  the  graphs  in  any  fully  reducible  class. 

The  basic  algorithm! 

Input:  A  3-connected  graph  G»{V,E)  belonging  to  a  fully  reducible 
class  C  and  a  vector  of  edge  costs. 

Output:  A  minimum  cost  Hamilton  cycle. 

Step  l.UG  contains  no  3-edge  cutset,  then  the  TSP  is  polynomially 
solvable  in  G,  since  <7€C.  Solve  the  TSP  and  stop. 

Otherwise  find  a  3-edge  cutset  with  a  shore  5  which  is  minimal  with 
respect  to  set  inclusion.  Go  to  Step  2. 

Step  2.  Solve  three  TSP' a  in  0x7  imposing  in  turn  that  each  pair 
of  edges  of  5(5)  be  in  the  solution.  We  can  force  a  pair  of  edges  in  5(5)  to 
be  in  the  solution  by  giving  a  large  cost  to  the  third  edge  of  5(5).  (Note 
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that  the  minimality  of  5  insures  that  CxJ  will  contain  no  3-edge  cutset, 
so  solving  TSP’s  in  <7X?is  polynomial.) 

Step  S.  Modify  the  edge  costs  of  the  members  of  5(5)  as  described  in 
the  basic  reduction  and  recursively  apply  the  algorithm  to  <7x5.  Extend 
the  optimum  tour  in  G  X  5  found  by  the  algorithm  to  an  optimum  tour  of 
G  by  combining  it  with  the  appropriate  tour  of  G  X  S’  found  in  Step  2. 
Stop. 

Note  that  Step  1  can  be  performed  in  polynomial  time  by  simply 
trying  all  sets  of  edges  of  cardinality  three. 

This  algorithm  provides  a  framework  which  can  be  specialized  for 
specific  fully  reducible  classes.  The  actual  time  for  such  a  class  will 
depend  on  how  efficiently  we  can  find  the  3-edge  cutset  required  in  Step  1 
and  bow  efficiently  we  can  solve  TSP’s  in  irreducible  graphs.  In  the  next 
section  we  show  that  for  the  case  of  Halin  graphs,  the  basic  algorithm 
specializes  to  3  linear  time  algorithm. 

As  mentioned  in  the  introduction,  the  existence  of  a  polynomial 
algorithm  for  a  combinatorial  optimization  problem  is  often  related  to 
finding  a  system  of  linear  inequalities  which  define  the  convex  hull  of  its 
feasible  solutions.  When  the  graph  G  has  a  3-edge  cutset  we  have  a 
remarkable  polyhedral  result  relating  TSP(G),  TSP(GxS)  and 
TSP(GxS),  where  5  and  S’  are  the  shores  of  the  3-edge  cutset. 

Thu  basic  polyhedral  theorem: 

THEOREM  2.2.  Suppose  that  G  has  a  3-edge  cutset  with  shores  5  and 
f.  A  linear  system  sufficient  to  define  TSP(G)  is  obtained  by  taking  the 
union  of  linear  systems  sufficient  to  define  TSP{Gx 5)  and  TSP(GxS). 

PROOF.  Every  tour  of  G  induces  a  tour  in  <7x5  and  one  in  GX&,  and 
therefore  it  satisfies  linear  systems  defining  TSP(GxS)  and  TSP(GxS). 


THE  TRAVELLING  SALESMAN  PROBLEM 


11 


Conversely,  we  need  to  prove  that  every  solution  x  to  the  union  of  these 
systems  cu  be  expressed  as  a  convex  combination  of  tours  of  (7. 

Let  21  be  the  restriction  of  2  to  (7x5.  The  vector  21  satisfies  the 
linear  system  defining  P(GxS)  and  so  can  be  expressed  as  a  convex 
combination  of  tours  of  (7x5.  That  is,  if  Tl  is  the  set  of  tours  of  (7x  5, 
then  21-S(X<<:<€T1)  where  X(>Ofor  all  1ST1  and  £(Xf :t£T1)-' 

Let  e,f  ,g  be  the  three  edges  of  the  3-edge  cutset  joining  5  to  J,  and 
let 


/*(«./ )-E(x«:<€Tl  and  <.-(,-1) 

f*(e.f)-E(X»:*€T‘  and 

Then 

*/—*/*/#(  e./)*M/.#)  (2.1) 

i 

Note  that  the  linear  system  (2.1)  together  with  the  values  x„  if  and 
if  uniquely  determines  the  values  n(e,f),  n(f  ,g)  and  p(e,g). 

Now  let  22  be  the  restriction  of  x  to  G  X  S’,  and  let  T2  be  the  set  of 
tours  of  (7xJ.  Anologously  we  obtain  **™E(a**:*€r*)  where  <rf>0  for 
all  <€ 7*  and  S(ff,:f6T*)-L  We  define 

^e,/)-2(<r,:16r*and  «,-/,=!) 

^.fhEh^^  “d  <,»</—!). 


12 


CORNuEJOLS  ET  A L 


Then  i ie,f),  i /(f  ,y)  and  v{e,g)  satisfy  the  system  (2.1),  replacing  it  with 
v.  So  we  most  have  t-(e,/)— it(e,f),  v(/ , *)—#»(/,*)  and  4e,/)—p(e,/). 
Therefore  we  can  combine  the  toon  t  in  Tl  and  t'  in  T2  to  obtain  a  set  T 
of  toon  of  G  and  a  set  of  coefficients  r?i>0  for  all  t£T  satisfying 
and  i»£(r?jt:f  6  T).  That  is,  i  is  a  convex  combination 
of  toon  of  G  and  the  proof  is  complete.  Q 

This  theorem  enables  ns  to  obtain  a  complete  linear  description  of 
TSP(G)  for  any  graph  G  in  a  folly  redocible  class  provided  that  we  know 
a  linear  description  of  the  travelling  salesman  polytopes  of  the  irreducible 
graphs  in  the  class.  Some  examples  of  this  are  given  in  the  next  section. 

3.  Some  Examples 

One  method  of  constructing  a  fully  reducible  class  is  to  start  with  a 
specific  set  of  irreducible  graphs  and  then  close  the  class  under  a 
composition  which  is  the  inverse  of  the  bask  reduction.  First  we  introduce 
some  useful  irreducible  graphs. 

For  certain  graphs  G—(  V ,E),  the  polytope  rSP(G)  is  given  by  the 
following  linear  system; 

0<r,  <1  for  all  e£E  (3.1) 

z(«(p)).2for  all  ogF.  (3.2) 

We  call  soch  graphs  elementary.  For  these  graphs,  not  only  can  we  solve 
the  TSP  as  a  small  linear  program,  bat  we  can  solve  this  linear  program 
polynomial^  by  reducing  it  to  a  weighted  bipartite  matching  problem. 
(In  fact  the  linear  program  minimize  ( lx-.s  satisfies  (3.1),  (3.2))  can  be 
solved  in  this  way  for  any  graph.)  However  all  elementary  graphs  we  know 
have  a  sufficiently  simple  structure  that  the  TSP  is  more  easily  solved  by 
direct  methods. 
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Conversely,  we  need  to  prove  that  every  solution  x  to  the  union  of  these 
systems  can  be  expressed  as  a  convex  combination  of  tours  of  G. 

Let  x1  be  the  restriction  of  £  to  <7x5.  The  vector  x1  satisfies  the 
linear  system  defining  P(GxS)  and  so  can  be  expressed  as  a  convex 
combination  of  tours  of  (7x5.  That  is,  if  Tl  is  the  set  of  tours  of  GX  5, 
then  x1— E(x«*:t€r*)  where  X,>0  for  ail  <€T‘  and  E(X«:<€T‘)— 1- 

Let  e,f  ,g  be  the  three  edges  of  the  3-edge  cutset  joining  5  to  S’,  and 
let 

M(e,/)-E(x»:/€r‘and  1) 

f‘(e.£)-E(x<:*6rl  “d  *♦-<»-!) 

Then 

*«— x,1— it(e,f)+n{e,9) 

x,— x/— ft(e,/  )+**(/  ,g)  (2.1) 

lA*'9)+ 

i 

Note  that  the  linear  system  (2.1)  together  with  the  values  £,,  if  and 
x(  uniquely  determines  the  values  Mf  >9)  And  p(e,p). 

Now  let  x2  be  the  restriction  of  x  to  G  X  J,  and  let  T*  be  the  set  of 
tours  of  <7xiT.  Anoiogously  we  obtain  x2—  where  <r(>0  for 

all  (6T2  and  JJfoifgr*)—!.  We  define 


4/.£)-I>«:‘er*  and  1) 

»;(e.£)*E(<ri:t€rS  “d 
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Then  tie,/),  i if ,/)  and  tie,/)  satisfy  the  system  (2.1),  replacing  ft  with 
v.  So  we  must  have  ^e,/H(«./).  <it .*)“#*(/ ,l)  and  i*(e,/)*-p(e,/). 
Therefore  we  can  combine  the  tours  t  in  Tl  and  t1  in  7*  to  obtain  a  set  T 
of  tours  of  G  and  a  set  of  coefficients  »|| >0  for  all  t£T  satisfying 
2(jfr:*€T)— 1  and  That  is,  *  is  a  convex  combination 

of  touts  of  G  and  the  proof  is  complete.  Q 

This  theorem  enables  us  to  obtain  a  complete  linear  description  of 
TSP(G)  for  any  graph  G  in  a  fully  reducible  class  provided  that  we  know 
a  linear  description  of  the  travelling  salesman  poly  topes  of  the  irreducible 
graphs  in  the  class.  Some  examples  of  this  are  given  in  the  next  section. 

3.  Some  Examples 

One  method  of  constructing  a  fully  reducible  class  is  to  start  with  a 
specific  set  of  irreducible  graphs  and  then  close  the  class  under  a 
composition  which  is  the  inverse  of  the  bask  reduction.  First  we  introduce 
some  useful  irreducible  graphs. 

For  certain  graphs  <7— ( V,E),  the  polytope  rSP(G)  is  given  by  the 
following  linear  system: 

0<*,<1  for  all  e$E  (3.1) 

z(0(u))-2ror  oil  v£V.  (3.2) 

We  call  such  graphs  elementary.  For  these  graphs,  not  only  can  *<w  solve 
the  TSP  as  a  small  linear  program,  but  we  can  solve  this  linear  program 
polynomially  by  reducing  it  to  a  weighted  bipartite  matching  problem. 
(In  fact  the  linear  program  minimize  (lx:x  satisfies  (3.1),  (3.2))  can  be 
solved  in  this  way  for  any  graph.)  However  all  elementary  graphs  we  know 
have  a  sufficiently  simple  structure  that  the  TSP  is  more  easily  solved  by 
direct  methods. 
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The  following  is  a  useful  tool  in  showing  that  a  graph  a  elementary: 
LEMMA  3.1.  (ef  Grotschel  (14|).  Let  T  be  an  extreme  point  of  the 
polytope  defined  by  (3.1),  (3.2).  Then  2i6{0,y,l)  for  all  egE  and, 

moreover,  the  set  of  edges  e  with  partitions  into  the  edge  sets  of  an 

even  number  of  vertex  disjoint  odd  cycles. 

COROLLARY  3.2.  If  G  does  not  have  two  vertex  disjoint  cycles,  then  G 
is  elementary. 

This  implies  that  the  complete  graphs  K*,Kt  and  Ks  and  the 
complete  bipartite  graphs  and  (or,  in  fact,  for  n  >2  )  are  all 
elementary.  Moreover,  we  have  the  following: 

LEMMA  3.3.  If  G»(V,E)  is  elementary  then  for  any  E'  £E,  the  graph 
G1  — ( V,E' )  is  elementary. 

PROOF.  A  linear  system  sufficient  to  define  TSP(G' )  is  obtained  by 
deleting  the  variables  corresponding  to  c£E-E'  from  the  system  (3.1), 
(3.2)  for  G.  This  is  equivalent  to  adjoining  the  equations  xt— 0  for  all 
e€£-£'  to  (3.1), (3.2)  for  G.  (Poiyhedrally,  TSP(G')  is  a  face  qf 
TSP(G).)  Q 

In  particular,  any  graph  on  five  or  fewer  nodes  is  elementary. 

A  useful  infinite  class  of  elementary  graphs  is  the  class  of  wheels. 
For  k> 3,  the  wkeet  W*  consists  of  a  cycle  containing  k  vertices,  called  rim 
vertices,  plus  a  centre  vertex  adjacent  to  each  rim  vertex.  (See  Figure  3) 
The  fact  that  wheeb  are  elementary  follows  from  Corollary  3.2.  In  Section 
5  we  give  other  examples  of  elementary  graphs. 

Let  Gx—(VuEx)  and  <?,«(  Vj.E,)  be  two  graphs.  Let  and 

vjgKj  be  two  vertices  of  degree  three,  say  6(vi)*“{ci,/i,(ri)  and 
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Figure  3.  A  wheel 

5(v,)*i{e2,/2l^2}.  We  ray  that  the  graph  G  is  obtained  from  Gi  and  <?2 
by  3-$plicing  if  it  is  constructed  as  follows:  The  vertex  set  of  G  is 
( V,-{»i})U(  Vj-{o2}).  The  edge  set  of  G  b  EiDE?  where  the  edges  et  and 
e2  are  identified,  as  well  as  the  edges  /j  and  /2,  and  fa  and  fa-  Therefore 
in  G  each  of  these  three  edges  has  one  end  in  V|  and  the  other  in  V2. 
(See  Figure  4.) 


Figure  4.  3-splicing 
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We  will  write  G^G[l,l,i*GltJ*>*  or  sometimes  simply  G=GX*GZ  or 
<7— G\x»G\1  or  *Gz.  Notice  that  if  G-Gl'iG? ,  then  G1  is 

isomorphic  to  G and  Gt  is  isomorphic  to  <7 X( Vj-fPi}). 

We  define  the  cioturc  el{ C)  of  a  class  C  of  graphs  with  respect  to  3* 
splicing  as  follows:  G£ci(C)  if  either  G£C  or  there  exist  GltGz£ cl(C) 
such  that  G»GX*GZ.  The  graphs  in  ef(C)  which  are  irredncible  with 
respect  to  oar  basic  reduction  will  all  belong  to  C.  If  C  is  a  class  of 
graphs  for  which  we  can  polynomial  solve  TSP’ s,  then  c/(C)  will  be  a  folly 
reducible  class  of  graphs. 

If  a  graph  G  has  no  degree  three  vertex,  then  it  cannot  be  used  in  a 
3-splice.  If  a  graph  G  is  not  Hamiltonian,  and  it  is  used  in  a  3-splice,  then 
the  result  will  not  be  Hamiltonian.  Hence  the  graphs  which  are  useful  to 
us  as  “building  blocks"  are  those  which  are  Hamiltonian  and  have  at  least 
one  degree  three  vertex,  for:  example  wheeb,  K4,  K33  and  some  subgraphs 
of  Kt. 

For  all  these  examples,  the  TSP  is  easily  solved.  Note  that  for  the 
wheel  Wk  there  are  precisely  k  different  Hamilton  cycles,  depending  on 
between  which  consecutive  pair  of  rim  vertices  we  visit  the  centre.  A 
minimum  cost  Hamilton  cycle  can  be  found  in  linear  time  by  computing 

i 

the  minimum,  over  all  pairs  pfi  of  consecutive  rim  vertices,  of 
f(c,r)+  l(e,r‘  ]~l(r,r‘)  where  e  is  the  centre  of  the  wheel. 

iU 

THEOREM  3.4.  Let  C  be  class  of  elementary  graphs.  Then  for  any 
G-(V,E)ecl(C),  TSP[G)  is  defined  by 


0<r,<l  for  ail  e£E, 

(3.4) 

r(<5(v))™2  for  all  v£V, 

(3.5) 

r(<7)«2  for  all  3-edge  cutsets  C  of  G. 


(3.6) 
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PROOF.  All  the  constraints  are  valid.  It  follows  from  repeated 
applieatioB  of  Theorem  2.2  (the  bask  polyhedral  theorem)  that  (3.4)  •  (3.6) 
is  sufficient.  Note  that  when  we  perform  a  3-splice  G**g{1  *G2l ,  the 
constraints  (3.5)  for  in  Gx  and  for  v2  in  Gt  become  the  constraint  (3.6) 
for  the  3-edge  cutset  created  by  3-splicing.  Q 

Let  W  be  the  class  of  wheels.  Then  3.4  applies  to  ct(W).  A  subclass 
of  ef(W)  has  received  some  study  on  the  literature.  These  are  the  so 
called  Halim  graphs,  or  roofless  polyhedra  which  are  described  as  follows: 

A  Halin  graph  H~TUC  is  obtained  by  taking  a  tree  T  having  no 
vertices  of  degree  two,  embedding  it  in  the  plane  in  a  planar  fashion  then 
adding  new  edges  to  form  a  cycle  C  containing  all  the  leaves  (degree  one 
vertices)  of  the  tree  in  such  a  way  that  the  resulting  graph  is  planar.  (See 
Figure  5).  These  graphs  were  introduced  by  Halin  [18]  as  an  example  of  a 
class  of  planar  edge  minimal  3-conneeted  graphs.  They  are  exactly  those 
3-connected  planar  graphs  for  whkh  one  face  shares  one  edge  with  every 
other  face.  Bondy  and  Lovasx  (see  (22|)  showed  that  these  graphs  are 
Hamiltonian  and  moreover,  the  deletion  of  any  vertex  leaves  a  Hamiltonian 
graph.  It  can  also  be  verified  that  for  each  edge  e,  there  exists  a  Hamilton 
cycle  containing  e  and  another  that  does  not  contain  e.  They  were 
studied  from  a  point  of  view  of  matching  theory  by  Lovaax  and  Plumer 
[22],  Pulleyblank  [25]  and  Naddef  and  Pulley  blank  (24).  Recently  Syslo 
and  Proskurowski  [29)  have  shown  that  several  NP -complete  problems  are 
polynomial^  solvable  for  these  graphs. 

Since  Halin  graphs  are  3-connected  and  planar,  there  is  a  planar 
embedding  of  such  a  graph  which  is  unique,  up  to  the  choice  of  the  infinite 
face.  Thus  determining  whether  or  not  an  arbitrary  graph  is  a  Halin  graph 
requires  simply  finding  a  planar  embedding,  verifying  3-connectivity,  and 
then  seeing  if  there  exists  a  face  such  that  the  deletion  of  the  edges  in  its 
boundary  leaves  a  tree.  Therefore  Halin  graphs  can  be  recognised  in 
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Figure  5.  A  Halin  graph. 

polynomial  time. 

We  can  see  that  the  class  H  of  Halin  graphs  is  contained  in  c/(W)  as 
follows.  Let  G~T\JC  be  a  Halin  graph.  If  T  is  a  star  then  G  is  a  wheel. 
If  T  is  not  a  star,  then  there  exists  a  nonleaf  vertex  v  of  T  adjacent  only 
to  leaves  of  T  pins  one  other  nonleaf  vertex.  Let  S  consist  of  v  pins  all 
adjacent  leaves  of  T.  Then  |$(S)|«3  and  (7x5  is  a  Halin  graph  and 
GX  J  is  a  wheel.  Thns  G  can  be  obtained  by  3-splicing  a  wheel  to  a 
smaller  Halin  graph.  Therefore,  by  induction,  G€c/(W).  For  a  more 
detailed  description  of  these  ideas  for  Halin  graphs,  see  [4|. 

It  is  easy  to  see  that  we  can  construct  precisely  the  class  of  Halin 
graphs  from  wheels  if  we  restrict  3-splicing  as  follows:  For  any  Halin  graph 
G^TUC  we  call  a  vertex  v  a  rim  vertex  if  v  is  in  C .  (This  is  consistent 
with  our  definition  for  wheels.)  Similarly  edge  e  is  a  rim  edge  if  e  is  in  C. 
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We  only  permit  splicing  between  rim  vertices,  with  the  additional 
condition  that  rim  edges  most  be  identified  with  rim  edges. 

Now  we  describe  how  the  basic  algorithm  specialises  for  Halin 
graphs.  As  we  already  noted,  the  TSP  in  a  wheel  can  be  solved  in  linear 
time.  In  order  to  find  3-edge  cutsets  with  minimal  shores  we  do  the 
following.  Represent  T  as  a  tree  rooted  at  some  a  on  leaf  vertex  r,  order 
the  children  of  each  vertex  on  the  basis  of  the  planar  embedding  of  T,  and 
then  perform  a  postorder  scan  of  T.  (In  other  words,  each  node  is 
processed  after  all  its  children  have  been  processed.)  When  a  node  is 
processed  there  are  three  possibilities:  if  it  is  a  leaf  of  T  it  is  bypassed;  if  it 
is  a  nonleaf  vertex  v  different  from  r  then  v  together  with  the  adjacent 
leaves  form  a  suitable  set  5;  if  v  is  equal  to  r  then  G  is  a  wheel.  Note 
that  when  we  recursively  apply  the  basic  algorithm  to  G  X  5,  we  can  start 
our  postorder  scan  with  the  vertex  obtained  by  shrinking  S. 

Finally,  note  that  GxS"  will  be  a  wheel  W,.  Therefore  finding  a 
minimum  cost  Hamilton  cycle  which  uses  a  prescribed  pair  of  edges 
incident  with  a  rim  vertex  v  is  easy.  If  either  edge  joins  u  to  the  centre 
vertex,  there  is  a  unique  possibility.  If  neither  edge  joins  u  to  the  centre, 
there  are  1-2  possibilities. 

Therefore  the  basic  algorithm,  specialised  to  the  case  of  Halin  graphs 
can  be  implemented  in  time  linear  in  the  number  of  vertices.  See  [4j  for 
more  details. 

A  2-  factor  of  a  graph  is  a  set  of  vertex-disjoint  cycles  which  span  the 
vertices  (i.e.  every  vertex  of  the  graph  belongs  to  exactly  one  cycle  of  the 
2-factor).  Edmonds  {8]  has  described  the  convex  hull  of  the  incidence 
vectors  of  the  2-factors  of  a  graph  (the  2-  factor  polytope  )  by  a  system  of 
linear  inequalities.  In  order  to  describe  this  system,  we  require  a  definition. 
A  blottom  B—*(S,J)  is  a  subgraph  of  G  consisting  of  SC  V  having  |S|>3 
and  an  odd  cardinality  set  JQlfS)  of  edges  such  that  each  e€/  is  incident 
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with  a  different  vertex  of  S.  We  let  P2(G )  denote  the  2-factor  poly  tope  of 
G. 

THEOREM  3.5.  (Edmonds  [8j)  For  an  arbitrary  graph  G—(V,E),  P2{G )  b 
defined  by 

0<r,<l  for  all  e  6  E  (3.7) 

2(^0 ))«2  for  all  v  €  V  (3.8) 

x(t(S))+  *(y)<|5|+  (|y|-l)/2  for  every  blossom  (5,/)  of  G.  (3.9) 


In  addition  to  thb  theorem  Edmonds  gave  a  polynomial  algorithm  to 
find  a  minimum  coet  2- factor  in  a  graph.  Therefore  graphs  for  which  every 
2-factor  b  a  Hamilton  cycle  constitute  interesting  building  blocks  for  3- 
splicing.  Note  that  the  folly  reducible  class  obtained  as  the  closure  of 
these  graphs  contains  that  generated  as  the  closure  of  elementary  graphs. 
In  particular  it  contains  Halin  graphs. 

Recently  Cornuejols,  Hartvigsen  and  PuDeyblank  (3]  have  described 
the  convex  bull  of  the  trianfie-frcc  l-factort  of  a  graph  (i.e.  Those  2- 
f actors  in  which  every  cycle  has  length  at  least  4)  and  have  given  a 

i 

polynomial  algorithm  to  find  a  minimum  cost  such  2-factor.  Thus,  the 
class  of  graphs  where  every  triangle-free  2-factor  b  a  Hamilton  cycle  can 
be  closed  under  3-splicing  to  form  a  fully  reducible  class.  Thb  class 
contains  those  introduced  earlier  in  thb  section. 

Now  we  turn  to  another  fully  reducible  class  of  graphs,  called 
prismatic  graphs.  A  graph  G f  b  a  prim  if  it  eonsbts  of  two  vertex 
disjoint  cycles  of  length  p,  say  with  vertices  (u,,..„u,  )  and  (vlt...,vf), 
where  in  addition  each  pair  u(vt  b  joined  by  an  edge.  (See  Figure  6.)  Note 
that  prams  are  Hamiltonian  and  regular  of  degree  3  and  so  they  generate 
Hamiltonian  graphs  by  3-splicing.  A  graph  is  called  priimatic  if  it  belongs 
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to  the  closure  of  prisms  under  3-splicing.  (See  Figure  6.) 


Figure  6.  The  prism  G%  and  a  prismatic  graph  G4  *GZ  *Gj. 

When  p  is  odd  the  prism  Gp  has  exactly  p  Hamilton  cycles,  all  using 
a  pair  of  edge*  (UfVf)(*<4.t<V+f)  and  no  other  edge  (s»v»)  ,  kp*i,i+  1. 
(Here  and  in  the. remainder  of  this  section,  the  indices  of  the  vertices  are 
assumed  to  be  defined  modulo  p,  e.g.  ,■>,.)  On  the  other  hand,  when 
p  is  even,  the  prism  Gf  has  p+  2  Hamilton  cycles,  namely  the  p  Hamilton 
cycles  described  above  for  odd  p  plus  two  new  cycles  Hi  and  Hz  containing 
all  the  edges  (*<*<)  and  every  other  edge  of  the  cycles  {ult...,u,}  and 
(»i,  Whether  p  is  odd  or  even,  a  minimum  cost  Hamilton  cycle 

can  be  found  in  linear  time. 

Next  we  will  show  that  TSP{G)  is  particularly  simple  for  a  prism.  A 
rimplez  is  a  polytope  such  that,  for  any  extreme  point,  there  is  a 
hyperplane  that  does  not  contain  it  but  contains  all  the  other  extreme 
points.  For  example  triangles  and  tetrahedra  are  simplices  whereas  squares 
and  cubes  are  not.  As  a  consequence,  in  a  defining  linear  system  for  a 
simplex,  the  number  of  inequalities  required  is  equal  to  the  number  of 
extreme  points  of  the  simplex.  Thu  number  is  always  relatively  small.  In 
fact,  as  will  become  c'  .ar  in  Section  4,  the  total  number  of  relations  needed 
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in  n  linear  system  defining  a  simplex  (number  of  equalities  and  inequalities) 
is  equal  to  the  number  of  variables  plus  one  (except  for  isolated  points, 
which  are  simpiices  and  can  be  defined  with  just  as  many  equalities  as 
variables.)  Every  polytope  which  is  not  a  simplex  requires  more  relations. 

Suppose  we  are  given  a  polytope  5CR*  having  a  set  IK  of  extreme 
points  and  satisfying  a  linear  system  Ax<i,Cx**d.  Then  5  is  a  simplex 
and  our  defining  linear  system  is  a  minimal  defining  linear  system  if  and 
only  if  the  following  conditions  hold: 

(3.10)  C  consists  of  n-j  W\+ 1  linearly  independent  rows; 

(3.11)  A  contains  j W\  rows  and  for  each  w£W  there  is  an  inequality 
ax <$  from  Ax<i  such  that  aw~0  for  all  VK\u/  and  aw<0. 

For  (3.11)  ensures  that  W  is  affinely  independent  and  hence  5  is  a  simplex 
of  dimension  |W|-1.  By  (3.10),  Cx«d  is  a  minimal  set  of  equations.  An 
inequality  ax<0  valid  for  S  is  essential  if  and  only  if  there  are  dim(S) 
affinely  independent  members  x  of  5  satisfying  By  (3.11)  -we  have 

all  such  essential  inequalities,  and  conversely,  all  our  inequalities  are 
essential.  (See  also  Section  4.) 

THEOREM  3.6.  If  <7,  is  a  prism,  then  TSP{Gr)  is  a  simplex.  When  p >3 
is  odd,  a  minimal  defining  linear  system  is: 

x(fi(ii7))«2  for  every  vertex  w  of  Gr, 

£x(ufr,)— 2 

ist 

*(«t“*+i)<l  for  *-«l,2,...p. 

When  p  >4  is  even,  a  minimal  defining  linear  system  is: 

x(£(ur))«2  for  all  vertices  w  of  Gr  except  one; 

£x(«<j>1)+(p-2)(x(ut«it+l)+  *(vtvt+,))<2p-2  for  i— 1,2 . p; 

«»l 


V  \  V, 
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£r(u,v,)+  {p-2)z{Hj)>p(p-l)  for  1,2, 

•  ml 

where  Hi  and  Hz  are  as  described  above. 

PROOF.  First  suppose  that  p  is  odd.  Then  Gr  is  nonbipartite  and  it  is 
well  known  (and  easy  to  verily)  that  the  equations  ar(£(w))»»2  for  all 
vertices  w  of  Gt  are  linearly  independent.  If  we  let  z  be  the  incidence 
vector  of  the  two  disjoint  cycles  of  length  p ,  then  z  satisfies  all  of  these 

equations  but  v<)™0.  Therefore  the  equation  x(  u(  v,  )=2  is 

•  ml  i-i 

linearly  independent  of  these  other  equations  so  (3.10)  holds.  (Note  that 
Gf  has  3 p  edges  and  p  distinct  Hamilton  cycles.)  Moreover,  (3.11)  follows 
immediately,  since  for  each  edge  (u»Uk+ 1)  there  is  a  unique  Hamilton  cycle 
which  does  not  use  this  edge. 

Now  suppose  that  p  is  even.  Then  Gr  is  bipartite  and  so  if  we  take 
all  the  degree  constraints  x(5(u;))»«2  except  one,  we  have  (3.10)  satisfied. 
Consider  a  Hamilton  cycle  which  uses  only  two  edges  of  the  form  ( tij  v, ), 
say  ( ttj  Vj ),  (uj>iVj>i).  Then  it  satisfies  all  of  the  first  p  inequalities  with 
equality  except  the  one  corresponding  to  k*—j.  It  also  satisfies  the  last 
two  inequalities  as  equations.  The  Hamilton  cycles  Hj  both  satisfy  the 
first  p  inequalities  as  equalities  and  each  also  satisfies  as  an  equation  the 
one  of  the  last  two  inequalities  corresponding  to  the  other.  Therefore 
(3.11)  is  satisfied.  Q 
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4.  Polyhedral  Theorems. 

Theorem  2.2  (the  basic  polyhedral  theorem)  showed  that  we  coaid 
obtain  a  linear  system  sufficient  to  define  TSP(G)  from  linear  systems 
sufficient  to  define  TSP[G X S)  and  TSP{GxS)  where  S(5)«fi(5)  is  a  3- 
edge  cutset  of  G.  In  this  section  we  show  that  stronger  results  are  true. 
First  we  review  certain  facts  concerning  linear  systems  and  their  solution 
sets.  (See  Bachem  and  Grotschel  (l|)  for  a  good  introduction  to  polyhedral 
theory.) 

Let  P’~{x(£fi*iAx<b  ,Cz»d).  If  we  are  interested  in  using  linear 
programming  techniques  to  solve  an  optimisation  problem 

Minimise  (fz:*6P) 

it  is  often  desirable  to  have  our  defining  linear  system  as  small  as  possible. 
In  particular,  we  want  to  eliminate  any  redundant  equations  or 
inequalities.  First  we  assume 

(4.1)  no  inequality  from  the  set  Ax<b  is  satisfied  with  equality  by  all 
x£D .  In  other  words,  if  any  of  the  inequalities  can  be  madh-  into 
equations  without  changing  the  solution  set  we  do  so. 

A  consequence  of  assumption  (4.1)  is  that  any  equation  which  is 
satisfied  by  all  *€/*  is  a  linear  combination  of  the  equalities  Cz**d. 
Subject  to  (4.1)  a  fundamental  result  of  polyhedral  theory  is  that  the 
defining  linear  system  is  minimal  if  and  only  if 

(4.2)  the  rows  of  C  are  linearly  independent, 

(4.3)  for  any  inequality  ax</3  from  the  system  Ax<b,  there  exists  z£P 
satisfying  ai=*5 

(4.4)  for  any  two  inequalities  s1*^1  and  a2x<£?  from  the  system 
Ax<b,  there  exists  igP  satisfying  axx^0l  and  a2i<0*. 
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A  face  of  a  polyhedron  P  is  defined  to  be  the  set  of  all  *6 P  satisfying 
for  some  inequality  ex <7  satisfied  by  all  members  of  P.  A  facet  is 
a  maximal  (with  respect  to  set  inclusion)  nonempty  face  of  P  which  is 
different  from  P.  Conditions  (4.3)  sad  (4.4)  require  that,  for  each 
inequality  ax<fi  from  Ax<b  ,  {x€P'ax"*(3}  must  be  a  facet  of  P. 

The  dimension  of  P,  denoted  by  dim(P)  is  defined  (subject  to  (4.1) 
and  (4.2))  as  the  difference  between  the  number  of  columns  and  rows  of  C, 
with  the  convention  that  the  dimension  of  the  empty  set  is  taken  to  be  -1. 
A  set  X  of  vectors  is  affinely  independent  if  for  any  i€X,  the  set 
{i-i.T6^-{i}}  is  linearly  independent  and  the  affine  rani  of  a  set  is  the- 
size  of  a  largest  affinely  independent  subset.  We  say  that  x  is  an  affine 
combination  of  X  it  there  exists  aEtt*  satisfying  ^(a>:x6JQ,**l  end 
(Recall  that  for  any  set  S,  Mt5  denotes  the  set  of  all 
real  vectors  indexed  by  5.)  It  can  be  seen  that  dim[P)  is  one  less  than  the 
affine  rank  of  P  and  that  a  nonempty  face  F  of  P  is  a  facet  if  and  only  if 
dim  (F )—  dim  (P)-L 

Let  J  be  a  3-edge  cutset  in  a  graph  G—(V,E).  Let  J  denote  the  set 

of  those  /€/  such  that  G  has  a  Hamilton  cycle  which  does  not  use  j.  In 

other  words,  for  each  pair  of  edges  of  J  which  belongs  to  a  Hamilton  cycle 

*  «  ' 
of  G,  the  other  edge  is  in  J.  If  G  has  no  Hamilton  cycles,  then  /■*•.  If, 

as  is  the  case  for  Halin  graphs  and  prismatic  graphs,  every  edge  is  missed 

by  some  Hamilton  cycle,  then  /*/. 

When  we  wish  to  obtain  minimality  results  for  a  linear  representation 
of  TSP(G),  this  set  J  plays  an  important  role.  We  define  a  restricted 
travelling  salesman  poly  tope  as  follows:  for  any  E'  C  E  we  let  TSP{G,E') 
denote  the  convex  hull  of  those  tours  of  G  which  use  all  the  edges  of  E' , 
(Thus  rSP(G,0)-rSP(<7).) 

We  now  show  that  if  /«6(S)  is  a  3-edge  cutset  in  G~(V,E)  then 

I 
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we  can  combine  minimal  defining  linear  systems  for  TSP{GxS,J-j)  and 
TSP(G and  obtain  an  essentially  minimal  defining  system  for 
TSP(G).  There  are  two  technical  problems.  First,  the  equations  x(/)*  2 
and  1  for  j 6  /-/  need  not  occur  explicitly  in  either  linear  system  and 
yet  will  be  obtainable  as  linear  combinations  of  equations  defining  both 
TSP[GxS,J-J)  and  TSP{GX$,J-J).  Therefore  combining  the 
equations  in  these  systems  results  in  some  redundancies  which  must  be 
eliminated.  Second,  there  is  one  situation  in  which  an  inequality  is  facet 
inducing  for  one  of  two  smaller  systems  and  yet  not  facet  inducing  for 
TSP[G).  This  is  when  it  induces  the  same  facet  as  x,<l  for  some  j£J  in. 
one  of  the  subsystems,  but  this  inequality  is  not  facet  inducing  in  the 
other. 

In  the  applications  we  make  of  this  Theorem,  these  problems  will  be 
minimised.  Every  edge  will  appear  in  some  Hamilton  cycle  and  not 
appear  in  another.  Consequently  we  will  always  have  )«/.  Moreover, 
Xy<l  will  be  facet  inducing  for  aU  j  and  the  equation  x(/)*  2  win  occur 
explicitly  in  both  subsystems. 

THEOREM  4.1.  Let  J~6(S)  be  a  3-edge  cutset  in  a  graph  G  for  which 
TSP{G)y*$.  Let  P^TSP{Gx S,J-))  and  let  Pz—TSP{GX$,J-j). 
For  i»l,2,  let 

A*z<if 
*(/)-  2 
Xy«l  for 
C'x*d' 

be  a  minimal  defining  linear  system  for  P,,  which  satisfies  (4.1).  Then 
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(4.5)  the  onion  of  these  linear  systems  gives  a  linear  system  satisfying  (4.1) 
whose  solution  set  is  rSP(G); 

(4.6)  the  equations  x(/)«-2,Xj—l  for  all  ,ClX"*il,C*x~i*  are  a 

linearly  independent  basis  of  the  equations  satisfied  by  aQ 

xeTSPiG); 

(4.7)  an  inequality  from  j41x<J*  or  A2x<ba  is  facet  inducing,  and  hence 
essential,  for  TSP{G)  unless  it  induces  the  same  facet  as  x,<l  for 
some  j€J,  for  one  of  the  two  subsystems,  and  this  inequality  x;<l 
does  not  induce  a  facet  of  the  polyhedron  defined  by  the  other 
system. 

PROOF.  We  first  establish  (4.5).  Let  P{  and  Pt  be  the  set  of  all  vectors 
in  If*  which  satisfy  {*(5)«»2,f7,x««d1,A1x<41}  and 
(x(5)— 2,CJx«—dlK(4,x<4i!}  respectively.  Then  r.£P((7)£P1nPz.  Let 
Px  and  Pj  be  the  sets  of  all  vectors  in  Jf*  which  satisfy  linear  systems 
sufficient  to  define  TSP{GxS)  and  TSP[Gx3)  respectively.  Then 
Pi2.Pi  and  P2DP2  and,  by  Theorem  2.1,  TSP(G)^PinP2-  Therefore 
TSP[G)—PlnP2  and  so  the  union  of  those  two  linear  systems  defines 
TSP{G). 

Now  we  prove  (4.6)  and  (4.7).  Let  XlQEg~^-s^  be  a  maximal  affinely 
independent  set  of  tours  of  Pt  and  let  be  analagousiy  defined 

for  Pj.  For  each  j€J  we  choose  a  tour  such  that  and  a  tour 

x'GX*  such  that  x/«0. 

For  any  tours  x  of  GxS  and  7  of  GxS"  such  that  1}  for  aU 
j€J,  are  define  the  tpliee  of  x  and  7  to  be  the  tour  x'  of  G  defined  by 


for  ;67(5) 
for  j€~!{5)  . 

for;6/-5(S) 
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We  now  define  the  following  sets  of  toars: 

A1  is  the  set  of  all  splices  of  toon  of  Xl-{T*:j£J}  with  the 
appropriate  tonr  of  {x3:j&}}; 

A*  is  the  set  of  all  splices  of  tours  of  A,-{x-,:;'G/}  with  the 
appropriate  tonr  of 

X3  is  the  set  of  splices  of  x3  and  I*  for  all  /£/. 

Note  that 

|AlUA*UA*I-|A1|+  |A*|-|  J\.  (4.8) 

CLAIM  1:  A|UA3UA3  forms  an  affinely  independent  baste  of  the  tours  of 
G. 

First,  we  show  that  they  are  affinely  independent.  Suppose  there 
exists  a£f?*,u'*,u*1  such  that 

S(a,*:*€AlUA,UX3H>- 

Since  A1  is  affinely  independent,  we  must  have  o,»0  for  all  xgA1  and 
£)(a,:x£A\|A3)»0.  Similarly,  since  A3  is  affinely  independent,  we  must 
have  at«» 0  for  all  x€A*.  Thus  we  must  have  (2<*i*:*€A3)*-0,  which 
implies  av«0  for  x£A*,  since  the  members  of  A*  are  affinely  independent. 
Therefore  a-«0  so  AHjA^UA1  is  linearly  independent. 

Now  let  x  be  a  tour  in  G  and  let  ;  be  the  edge  j  of  J  for  which 
iy— «0.  Let  i1  and  i2  be  the  tours  of  <7X5  and  GxS  rspectively  induced 
by  x.  By  the  maximality  of  A1  and  Xs  there  exist  and  asQR** 

such  that 


£(a,l:x£A*)—l  and  ^—^(ajxrxeA1) 
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Note  that  this  implies  that  for  any  xgA1  such  that  aiy^O,  *j“0,  and 
similarly  for  Xs.  In  other  words,  the  only  toon  bavins  oj  or  a;  nonxero 
are  those  agreeing  with  x  on  7.  Now  for  any  xfeX1,  if  xjdj*  for  any  ;  €■?, 
we  define  x1  to  be  corresponding  tour  of  X1.  If  for  some  jGJ  we 
define  x'  to  be  the  corresponding  tour  of  A"1.  The  vector  ^(a^xf  :x€X*) 

a 

is  identical  with  x  on  £-t(S)  and  equals  xJ  on  t(S).  We  define  z‘ 
analagonsly  for  xgAf1  and  have  2(a*x'  :x€-X*)  is  identical  with  x  on 
E-*f{S)  and  equals  I*  on  t(  J).  Therefore 

:*€**)+  E(®xV  :z€Xs)-x^ 

\  a  a 

where  xJ  is  the  splice  of  z1  and  T*.  Since 
2(ai:x€Jf‘)+  E(a^*€*X*)  -1*1.  w«  have  expressed  x  as  an  affine 
combination  of  members  of  .X*UX*UX*  as  required.  Thus  Claim  1  is 
established. 

Note  that  (4.1)  is  clearly  satisfied  for  our  combined  linear  system,  for 
consider  an  inequality  ex<l,  which  belongs  to  A'x^i1,  say.  Some  tour 
x€Pi  satisfies  ti<0  so  there  will  be  a  tour  s'  of  G  obtained  by  splicing 
some  tour  of  P2  with  i  which  also  satisfies  ex'  <0. 

It  follows  from  Claim  1  and  (4.8)  that 

dim(  rSP(<7))-d»m(P,)+  d»m(PjH.J|+  1. 

Since  we  have  assumed  minimal  defining  systems  for  P,,  the  equations 
x(/)— 2,  X,— 1  for  ;€/-/,  C’x— d*  are  linearly  independent.  Let  r,  be 
the  number  of  these  equations  for  P,.  By  the  definition  of  dimension,  we 
have  d*m(Pl)+  rt™|E-7(S)|  and  dim(P»)+  rj*(E-or(5)|.  The  linear  rank 
of  the  combined  system  is  |E|-dim(rSP(<j ))“«*i+  rj-l-J/-7|  since 
lEIHE-^)!*  |E-q(5)H/|.  But  this  is  exactly  the  number  of  equations 
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so  they  are  linearly  independent  and  hence  all  essential  which  establishes 
(4.6),  since  oar  combined  system  satisfies  (4.1). 

Now  let  ox<0  be  an  inequality  from  the  system  A1x<bl.  Then 
there  exists  a  set  Y1  of  iim(P j)  affinely  independent  toars  in  Px  all 
satisfying  ax~0.  Moreover,  if  the  facet  of  Px  induced  by  ax<$  is 
different  from  the  facets  induced  by  *,<1  for  all  j£J  then  for  each  j£J 
there  exists  a  tour  xJ€  Yl  satisfying  x/~0.  We  now  splice  the  tours  of  Yl 
and  X 1  in  the  same  manner  as  we  did  previously  with  X1  and  X2  to  obtain 
dim(P1)+  rfim(P2)+  l-|i|  affinely  independent  tours  of  G,  all  satisfying 
Therefore  dimtrSPtG))  affinely  independent  members  of  TSP{G) 
all  satisfy  ax*-0  so  the  inequality  is  facet  inducing  and  essential. 

Suppose  ax<0  induces  the  same  facet  as  Xj<l  for  some  j£J.  If 
x,  <l  is  also  facet  inducing  for  P2,  then  we  can  find  sets  Yl  and  Ys  of 
dim(Py)  and  dim(P2)  tours  respectively  of  Px  and  P5,  all  satisfying  t.*l. 
Let  k£)-{j}.  Suppose  every  x6  Y1\jYl  also  satisfies  x*««l.  If  there 
existed  a  tour  x  in  either  Pi  or  P2  which  satisfied  x*— «1  but  x;— 0,  then 
we  would  have  contradicted  {x€Pi  or  P2:x;-«l}  being  a  maximal  proper 
face,  i.e.  a  facet.  Therefore  every  tour  x  in  Pt  or  P2  which  has  xk-»l  must 
also  have  ij«l.  But  every  tour  x  in  Pt  or  P2  must  have  r;»l  or  x2W, 
hence  must  have  x4— x^-l.  This  means  that  the  inequality  x,  <l  is  not 
facet  inducing  for  Pt  or  P2  ,  a  contradiction.  Therefore,  for  each  k€J-{j} 
there  exists  x*€  I'i  such  that  x/*0,  and  similarly  for  Yt.  So  as  before  we 
can  splice  Yx  and  Y2  and  obtain 

<f*m(Pj)+  iim(P2)-(|  J|-l)»d»m(  TSP[G))  affinely  independent  tours  of  G 
all  satisfying  Xj»l.  Therefore  the  inequality  is  facet  inducing. 

Finally,  suppose  *x</3  induces  the  same  facet  as  x2<l  for  ;€■/.  but 
Xy<l  is  not  facet  inducing  for  P2.  Then  there  is  some  other  inequality 
a' x<(f  from  A2x<i*  such  that  {x^P2:a‘  x^f?  }L»{x6P2:xy»l}.  If  we 
extend-the  tours  in  these  two  sets  to  tours  of  G  in  all  possible  ways,  we  see 
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that  «<£  docs  not  induce  a  maximal  nonempty  face  of  TSP(G),  i.e.,  the 
inequality  is  not  facet  inducing  and  so  is  inessential 

This  completes  the  proof  of  (4.7)  and  the  theorem.  Q 

COROLLARY  4.2.  Let  be  a  3-edge  cutset  in  a  graph  G  for  which 

TSP(G)^t.  Then 

dim(  TSP(G))=dim(  TSP{Gx  S,J-)))+  dim(TSP[G  x?,J-))}-\j\+  1. 

(We  actually  proved  this  explicitly  in  the  course  of  proving  Theorem  4.1.) 

Now  we  apply  these  results  to  Halin  graphs.  Recall  that  for  a  wheel 
Wt  we  defined  a  rim  edge  to  be  an  edge  not  incident  with  the  centre 
vertex. 

PROPOSITION  4.3.  The  following  is  a  minimal  defining  linear  system  for 
TSP(lKt)  for  awheel  Wt. 

*,<1  for  every  rim  edge  j 

i((5(p))-2  for  every  vertex  v. 

PROOF.  The  wheel  has  exactly  k  different  Hamilton  cycles,  each  one 
omitting  a  different  rim  edge.  It  is  easy  to  verify  that  (3.10)  and  (3.11)  are 

i 

satisfied  so  TSP{Wk)  is  a  simplex  and  the  given  linear  system  is  both 
minimal  sad  sufficient.  Q 

We  remark  that  there  are  two  notable  omissions  in  our  list  of 
inequalities  in  Proposition  4.3.  First  we  do  not  require  x;<l  for  a  non  rim 
edge  j.  However  this  inequality  can  be  deduced  as  follows.  Suppose  j 
joins  vertices  «  and  to.  Then  the  inequality  j,<1  can  be  obtained  by 
adding  1/2  times  the  equations  x(((v))  for  »€{«.»};  *1/2  times  the 
equations  z(d(e))  for  v6F(lKk)-{u,w);  and  the  inequalities  ?*<1  for  ail 
*€£(  W»)-{j(u)Uj(«)).  Moreover,  all  of  the  above  are  part  of  our  linear 
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system.  Second  we  do  not  have  inequalities  x;>0  for  any  of  our  edges. 
These  can  be  derived  from  the  fact  that  every  edge  is  incident  with  a 
degree  three  vertex  and  each  edge  k  incident  with  the  vertex  has  the 
inequality  z*<l  either  explicitly  in  or  derivable  from  our  linear  system. 
THEOREM  4.4.  Let  H~T\jC  be  a  Halin  graph.  The  following  is  a 
minimal  linear  system  sufficient  to  define  TSP(H): 

Xj  <1  for  all  j€E(C); 

x{6(v))-2  for  all  t>€  V(H); 

x(/)« 2  for  every  (nontrivial)  3-edge  cutset  J  of  H. 

PROOF.  We  prove  by  induction  on  the  number  p  ot  nonleaf  vertices  of  T. 
If  p»l  then  If  is  a  wheel  and  the  result  follows  from  Prop.  4.3.  If  p  >  1 
then  the  result  follows  by  indoctioa  and  Theorem  4.1  applied  to  any 
(nontrivial)  3-edge  cutset  /  of  if.  Q 

COROLLARY  4.5.  If  H~T\jC  is  a  Halin  graph  such  that  T  has  p  leaf 
vertices  and  q  nonleaf  vertices  then  dim(TSP[H))**p-q. 

PROOF.  There  is  a  bisection  between  the  (nontrivial)  3-edge  cutsets  of  H 
and  the  edges  of  T  which  are  not  incident  with  a  leaf.  Therefore  the 
number  of  equations  in  a  minimal  defining  system  for  H  is 
(p+  f)+  (f-l)w«p+  2#-l.  The  number  of  edges  in  H  is 
(p+  f-l)+  y™2p  +  f-1.  Therefore  iim(TSP[H))—p-q.  Q 

In  the  previous  section  we  discussed  those  graphs  obtainable  by  3- 
spl icing  from  elementary  graphs,  and  observed  how  Theorem  2.2  provided 
an  easy  means  of  obtaining  a  sufficient  linear  system  to  define  their  TSP’ s. 
We  now  show  how  Theorem  4.2  can  be  used  to  give  converse  results. 

Let  E  be  the  class  of  those  graphs  (?»■(  V,E)  satisfying 
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(4.9)  for  each  edge  ;  of  G  there  b  a  Hamilton  cycle  of  G  which  does  not 
use  ;; 

(4.10)  TSP(G)  is  defined  by  the  following  linear  system: 


0<*;<1  for  all;'€^, 

(4.11) 

*(6(t>))-2  for  all  t»€V 

(4.12) 

x(/)— 2  for  every  3-edge  cutset  J. 

(4.13) 

First  we  show  that  ECef  (Elementary  graphs). 

THEOREM  4.0.  Let  G  be  a  graph  having  a  3-edge  cutset  7—6(5).  Then 
G&&  if  sad  only  if  both  (7x5  and  GxS" are  in  B. 

PROOF.  If  both  <7x5  and  Gx?  are  in  B,  then  (4.10)  follows  from 
Theorem  2.2,  and  it  is  easy  to  see  that  (4.9)  is  satisfied.  Conversely, 
suppose  GxSf. E.  Then  there  most  be  a  facet  not  induced  by  an 
inequality  of  the  form  (4.11)  or  else  a  valid  equation  linearly  independent 
of  (4.12)  and  (4.13).  Thus  an  inequality  or  equation  not  of  the  form  (4.11) 
-  (4.13)  is  essential  for  TSP(GXS).  Therefore,  by  Theorem  4.2,  it  is  also 
essential  for  TSP(C).  Hence  GfR,  a  contradiction.  Q 

Therefore  characterising  the  graphs  in  E  reduces  to  the  problem  bf 
characterising  graphs  G~(V,E)  such  that  |6(5)|>4  for  every  SCF- 
satisfying  2<|5|<|Vj-2  and  for  which  T5P(<7)  is  defined  by  (4.11)  and 
(4.12).  Some  results  in  this  direction  are  presented  in  Section  5. 

Finally  we  show  that  not  only  do  we  have  algorithmic  and  polyhedral 
reductions  over  3«dge  cutsets,  but  we  can  also  construct  optimum  solutions 
to  the  dual  linear  program  of  minimising  Is  for  s^TSP(G)  from  optimum 
dual  solutions  for  G  X  5  and  <7  X  ?  where  6(5)  is  a  3-edge  cutset. 

For  convenience,  we  assume  that  /— /,  i.e„  each  pair  of  edges  of  J 
belongs  to  a  Hamilton  cycle.  (This  assumption  could  be  removed  using  the 
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same  ideas  as  ia  Theorem  4.1)  Suppose  that  TSP{GxS)  and  TSP{GxS) 
are  defiaed  by  the  linear  systems  d1)  and 

(A2x<b2,C2z"~d2)  respectively.  The  deal  liaear  program  to  minimising 
lx  subject  to  this  liaear  system  (i.e.  to  sohriag  the  TSP  for  edge  costs  /)  is 
the  following: 

Maximize  pldl+  ptd2 


subject  to 


-i i'AWA2+  plCl+  p*C*~l 

*W>0- 


We  proceed  as  ia  the  basic  reductioa.  Let  ti,e  aad  w  be  the  vertices 
of  5  iacideat  with  edges  of  /  aad  let  u1  ,v‘  aad  w1  be  the  adjaceat 
vertices  ia  J.  (Note  that  our  assumptioa  ensures  that  these  vertices 
are  distinct.)  We  compute  L%w,Ltw  and  to  be  the  minimum  costs  of 
Hamilton  paths  between  u  aad  v,  u  aad  w,  and  v  aad  w  respectively  in 
<7(5|.  (Again,  by  virtue  of  our  J~)  assumption,  these  values  are  well 
defined).  Again,  we  compute 

a— (L„+L99-Lm)/2 

0-(L„+L„-L„)/2 

t— (L„+  L„-L„)/Z 

We  bow  define  vectors  ll  and  l *  of  edge  costs  as  follows,  where  e~(u,u') , 
f~(v,o‘ ),  y«(w,w/).  We  define  1}  for  j€E-~(5)  by 


l(j)  if  ;6£-T(5He,/,f} 
l(e)-a  if  e 

Hfhff  if;-/ 

J(?H  if;—? 
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We  define  //  for  j  €E^fi5)  by 

it  j€E-T[S)-{e,f,t} 
a  if 

9  if  i-/ 

«  *f  i— 9 

Note  that  l*  b  just  the  normal  cost  vector  we  use  for  <7X5  in  the  basic 
reduction.  However  by  subtracting  a,0,t  to  construct  l\  we  have  ensured 
that  the  minimum  cast  (with  respect  to  ll)  tours  in  G  X  S’  using  each  pair 
of  edges  of  G  will  have  the  same  objective  value,  namely  zero. 

Let  (if  l,J  *)  and  (1 frf)  be  optimum  dual  solutions  to  minimizing  llx 
subject  to  (Alx<bl,Clx*"dl)  and  to  minimizing  l2x  subject  to 
(A*x<b2,C2x'—d2)  respectively.  Then,  since  the  optimum  value  of  the 
first  linear  program  b  zero,  we  have 

-If  W+J1*1— 0. 

The  optimum  value  of  the  second  linear  program  b  min{lx:x£TSP[G)}  so 

J^-min  {/*:*€  T5P(G)}. 

If  we  extend  I1  and  l2  to  be  vectors  defined  ou  E  by  letting  any  undefined 
components  take  ou  the  value  zero,  then  /«/*+ 12.  Therefore 

-w  lAl-tfA2+  J  lC‘+  tfC2* f, 

1f\tf>0, 

?  »6‘+  ? fb*-j  'il-tf<P-miz{lx:x£  TSP{G)}. 

Therefore  Tf  comprise  an  optimum  feasibl*  oiution  to  the  dual 

linear  program  as  required. 
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We  illustrate  this  process  for  Halia  graphs.  The  only  problem  is  to 
compote  aa  optimum  solutioa  to  the  dual  problem  for  a  wheel  ( V..E) 

having  centre  5  and  are  costs  l.  Let  fi  and  w  be  adjacent  rim  vertices 
such  that  /(«,£)+  l(v, w)-l(u,w)  is  minimised,  over  all  adjacent  pairs  of 
rim  vertices.  Our  primal  linear  program  is 

minimise  lx 


subject  to 

z(j(v))-2  for  aO  *6  V, 

Xj<  1  for  every  edge  j  joining  two  rim  vertices. 

The  dual  problem  is 

maximise  joins  two  rim  vertices). 

•ev 

We  define  an  optimum  dual  solution  If, J  as  follows: 

7(5):— (f(M)+  /(5,w)-f(u,w))/2 
7(e):— |(V,t«)-7(5)  for  »€V’-{5}, 

i 

1J(a,w):— 7(u)+7(w)-/(u,b;)  for  each  pair(u,w) 

of  adjacent  rim  vertices. 

It  is  routinely  checked  that  (ff,7)  is  feasible  and  that  it  gives  the  same 
objective  value  as  the  Hamilton  cycle  of  which  uses  the  edges  (5,5) 
and  (5,6).  e 

For  any  arbitrary  Halia  graph,  we  can  use  the  general  method 
described  above,  together  with  this  specific  optimum  for  a  wheel,  to 
construct  an  optimum  dual  solution.  Note  that  this  provides  a  second 
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proof  of  the  validity  of  our  basic  redaction  -  a  solution  to  a  primal  linear 
program  is  optimal  if  and  only  if  these  exists  a  feasible  solution  to  the  dual 
linear  program  giving  the  same  objective  value. 

5.  Additional  results  on  elementary  graphs 

As  stated  in  Section  3,  the  travelling  salesman  problem  can  be  solved 
in  polynomial  time  for  an  elementary  graph  G»(V,£).  Remember  that, 
for  these  graphs,  the  polytope  TSP(G)  is  defined  by  the  linear  system 


0<*,<1  for  all  j£E, 
z(4t>))-2  for  ail  v6V. 


If  this  system  satisfies  assumption  (4.1),  the  graph  G  is  called  taste 
elementary.  An  equivalent  way  of  stating  assumption  (4.1)  is 

(5.3)  for  every  edge  j£E,  there  is  at  least  one  Hamilton  cycle  which 
contains  j  and  at  least  one  which  misses  j. 

Examples  introduced  earlier  such  as  wheels,  K^K^Ki  ,  Ks  minus 
one  edge  and  minus  two  nonadjacent  edges  are  basic  elementary 
graphs. 

i 

PROPOSITION  5.1.  A  bask  elementary  graph  with  n  vertices  contains  at 
least  b/2+  1  affinely  independent  Hamilton  cycles. 

PROOF.  By  assumption  (4.1),  the  dimension  of  TSP(G)  is  |E|  minus  the 

3rt 

number  of  linearly  independent  equations  (5.2).  Note  that  |  E  |  >  —  since 

every  vertex  of  G  has  degree  at  least  3.  [Edges  incident  with  a  vertex  of 
degree  1  or  2  would  violate  (5.3).]  The  number  of  equations  (5.2)  is  at  most 

n.  So  the  dimension  of  the  polytope  TSP{G)  is  at  least  -Jj-  and  so  the 

m 

affine  rank  is  at  least  ^2  +  1.  Q 
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The  next  theorem  shows  the  importance  of  bipartite  bask  elementary 
graphs. 

THEOREM  5.2.  If  Gx  and  Gt  are  two  basic  elementary  graphs  and  Gx  is 
bipartite,  then  GX*G9  is  also  a  bask  elementary  graph.  Conversely,  if  a 
bask  elementary  graph  G  has  a  3-edge  cutset  with  shores  Sx  and  Sj,  then 
either  GxSx  or  GxSt  is  bipartite.  Furthermore  both  GxSx  and  GX.St 
are  basic  elementary  graphs. 

PROOF.  Suppose  (?!*(  V1mEj)  is  bipartite.  Then  the  constraint 
z(^vi))aa"2  for  a  vertex  vx£Vx  b  a  linear  combination  of  r(£(v)H»2  for  the 
vertices  v£Sxm  As  a  consequence,  in  Gl*G2,  the  3-edge  cutset 

constraint  z(6(51))>-2  is  implied  by  the  degree  constraints  for  v€S1  and 
thus  can  be  omitted.  Now  it  follows  from  Theorem  2.2  that,  if  G,  and  Gz 
are  elementary,  then  Gx*Gt  also  elementary.  If  Gx  and  Gz  both  satisfy 
(5.3),  then  consider  any  edge  j  of  GX*G7.  Without  loss  of  generality 
assume  that  edge  j  belongs  to  Gx.  By  (5.3),  there  is  a  Hamilton  cycle  of 
Gx  that  contains  j  and  another  one  that  misses  j.  Any  such  Hamilton 
cycle  contains  two  edges  of  5(5j)  and  misses  the  third  edge,  say  By 
(5.3),  there  is  a  Hamilton  cycle  of  <7,  that  misses  jx  and  therefore  any 
Hamilton  cycle  of  Gx  can  be  completed  into  a  Hamilton  cycle  of  Gx*Gj. 
That  proves  that  GX*GX  satisfies  property  (5.3). 

Conversely,  if  G  is  a  bask  elementary  graph,  then  the  assumption 
(4.1)  implies  that  the  valid  equality  s(S{Sx))—2  must  be  a  linear 
combination  of  the  degree  constraints  z(5(c))»2  for  V,  i.e. 
z(i(51))-2*E0*(*<s<v)>-2l-  Let  V-{e€V:a,ydO}.  If  V-5,  or  S* 

*€K 

then  GxV  is  bipartite  as  required.  Otherwise  VWP,  since 
5(V)S5(5i)— i(5j)  and  G(5}]  and  G(Ss|  are  connected.  Then  note  that  ail 
the  coefficients  a ,  for  v£Sx  (respectively  v€Sx),  must  be  equal  in  absolute 
value.  (This  follows  from  the  fact  that  the  linear  combination  of  degree 
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constraints  most  add  to  0  for  every  edge  of  C[5t].)  Furthermore  G[5XJ  is 
bipartite,  the  bipartition  being  given  by  the  sign  of  a,.  Let 
S(Si)={c ,f  ,1}  and  denote  by  «,,«/,«,  (respectively  v,,vt  ,vt)  the  vertices 
of  5]  (reap.  St)  incident  with  e,f  and  f .  If  ag  — a,f  ,  then  <?X52  is 
bipartite  since  »t,ut  and  «,  belong  to  the  same  side  of  the  bipartition  of 
G(5j],  Otherwise,  assume  without  loss  of  generality  that  Then 

a^+a^—l  and  4I;  +  Bf/»1  imply  aft+  a^—2.  Since  these  two 
coeflicients  are  equal  in  absolute  value,  we  must  have  This 

implies  and  a,,— >0  which  contradicts  F—  V.  Q 

Theorem  5.2  gives  a  way  of  generating  infinite  families  of  basic 
elementary  graphs,  by  recursively  3-splicing  a  basic  elementary  bipartite 
graph  onto  a  bask  elementary  graph.  Unfortunately  we  only  know  two 
irreducible  basic  elementary  bipartite  graphs,  namely  /f3i3  and  the  3-d  cage 
(see  Figure  7.) 


Figure  7.  The  3*6  cage 

By  specialising  Lemma  3.1  to  bipartite  graphs,  we  have  that  ail  the 
extreme  points  of  the  polytope  defined  by  the  linear  system  (5.1)  -  (5.2)  are 
2-factors.  Thus,  to  show  that  the  3-6  cage  is  elementary,  we  have  to  check 
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that  all  its  2-factors  are  Hamilton  cycles.  Since  every  cycle  contains  at 
least  6  vertices,  it  suffices  to  check  that  the  vertices  of  the  3-6  cage  cannot 
be  partitioned  into  a  cycle  of  length  8  and  a  cycle  of  length  8.  This 
verification  is  left  to  the  reader.  It  is  also  easy  to  verify  that  condition 
(5.3)  is  satisfied. 

In  the  remainder  of  this  section  we  describe  an  infinite  class  of  basic 
elementary  graphs  which  contains  the  wheels. 

LEMMA  5.3.  Let  B  be  a  bipartite  basic  elementary  graph  and  u  a  degree- 
3  vertex  of  B.  Let  B1  be  constructed  from  B  by  inserting  new  vertices  v 
and  w  on  two  edges  of  B  incident  with  u,  and  joining  v  and  w  by  an 
edge.  Then  B'  is  a  basic  elementary  graph. 

PROOF.  It  is  clear  from  the  construction  of  B'  and  the  fact  that  B  is 
bipartite  that  B'  cannot  have  two  disjoint  odd  cycles.  Thns  by  Lemma 
3.1  every  extreme  point  at  (5.1)  -  (5.2)  is  a  2-factor.  Now  consider  a  2- 
f actor  x  of  B1 .  If  the  edge  (v.ar)  is  not  in  the  2-factor,  then  x  induces  a 
2-factor  in  B,  and  therefore  it  must  be  Hamiltonian  since  be  B  is 
elementary.  So  assume  that  the  edge  (v,w)  is  in  the  2-factor  x.  Note  that 
the  triangle  (u,v,w)  cannot  be  a  cycle  of  x  because  the  removal  of  these  3 
vertices  would  leave  a  bipartite  graph  with  one  more  vertex  on  one  side  of 
the  bipartitkm.  Therefore  exactly  one  of  the  edges  (u,r)  or  («,v)  must  be 
in  the  2>faetor  (a  consequence  of  the  fact  that  u  has  degree  3).  So  x  is  a 
Hamiltonian  cycle.  Q 

By  Theorem  5.2,  every  graph  obtained  as  [(H't*£1)*...]*0,  is  basic 
elementary  if  Bhl<i<p ,  stands  for  K33,  the  3-6  cage  or  some  other 
bipartite  basic  elementary  graph.  A  larger  class  W  can  be  obtained  as 
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(i)  Jy,-/C4€W.  Let  w  be  the  center  of  W3. 

(il)  If  <7£W  ud  B  is  a  bipartite  basic  elementary  graph,  then  G>**5£W 
for  any  vyiw. 

(iii)  If  CfiW,  then  the  graph  obtained  from  G  by  joining  0  to  a  new 
vertex  x1  placed  on  some  edge  (a, it)  where  x  is  adjacent  to  w  and 
aydttr,  also  belongs  to  W. 

Note  that,  through  operations  (ii)  and  (iii),  the  center  m  of  any  graph 
in  W  remains  well  defined.  Of  coarse  the  wheels  belong  to  W,  from  (i) 
and  repeated  application  of  (iii).  Then,  by  repeated  application  of  (ii)  the 
graphs  (( Wk  tf,)»...|  *Bf  can  be  obtained.  It  is  interesting  that  some  or  all 
of  their  3-edge  cutsets  can  then  be  removed  by  application  of  (iii).  (See 
Figure  8). 


Figure  8.  An  irreducible  graph  in  W 

PROPOSITION  5.4.  Every  graph  in  the  class  W  is  a  basic  elementary 
graph. 

PROOF.  Assume  not  and  let  G  be  the  smallest  graph  in  W  which  is  not 
bask  elementary.  Consider  an  extreme  point  x  of  (5,1)  -  (5,2)  whkh  is  not 
the  incidence  vector  of  a  Hamilton  cycle. 
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Assume  G**G\*B  with  (?i€W  sad  B  a  bipartite  basic  elementary 
graph.  Let  e,/,y  be  the  edges  in  the  3-edge  cutset  joining  Gx  and  B.  The 
constraint  z,+  xf+  x,*»2  is  implied  by  the  fact  that  B  is  bipartite.  If 
and  *,*0,  then  the  facts  that  every  2-factor  of  B  b 
Hamiltonian  and  that  *  is  a  non-Hamiltonian  2-factor  of  G  imply  that  the 
2-factor  induced  by  *  on  Cj  is  non-Hamiltonian.  This  contradicts  the 

minimality  of  G.  If  x#«Z/»“  and  z,«l,  then  the  facts  that  B  contains 

« 

no  odd  cycle  and  that  the  2-factor  z  of  G  has  at  least  two  odd  cycles 
assigned  the  value  ~  imply  that  the  2-factor  induced  by  z  on  Cj  has  at 

least  two  odd  cycles  with  ~’s  .  Again  this  contradicts  the  minimality  of 


Note  that  *(£(w))=«2  and  the  fact  that  z,»0,—  or  1  on  every  edge, 

with  the  ~’s  occuring  on  vertex  disjoint  odd  cycles  implies  that  at  most  3 

edges  incident  with  w  have  z(>0.  Assume  that  some  duplicated  edge  t 
(step  (iii))  has  the  value  z,  *■><).  Then  the  graph  without  the  duplicated 
edge  also  has  an  extreme  point  which  n  not  Hamilton  cycle.  Thu 
contradicts  the  minimality  of  G.  Thus  in  G,  step  (iii)  has  been  applied  at 
most  twice. 

Therefore  G  must  be  obtained  as  [( Wr3l*£1)*  ••■]*'  *Bf  followed  by 
one  or  turn  duplications  of  the  vertex  vf,  where  v,,2 <i<p,  u  the  vertex  of 
B(_t  which  is  adjacent  to  w.  This  is  equivalent  to  followed  by  one 

or  two  duplications  of  v. 

Consider  the  ease  of  one  duplication,  say  edge  (w.v)  is  duplicated 
into  (»,»).  Since  z  must  be  positive  on  these  two  edges,  it  has  to  be  zero 
on  at  least  one  of  the  original  edges  in  Wt.  Remove  it  as  well  as  its  end 
vertex  other  than  w.  Then  we  have  a  graph  B'  obtained  from  B  as 
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described  ia  Lemma  5.3.  So  G  is  basic  elementary. 

la  the  case  of  two  daplieatioaa,  two  of  tbe  original  edges  of  most 
have  j,  ™0.  Removiag  them  leaves  a  graph  with  a  2-edge  catset.  Ia  this 
graph  every  2-factor  is  a  Hamilton  cycle  as  a  consequence  of  the  fact  that 
B  is  elementary.  Q 


6.  Extensions 

This  paper  deals  only  with  oae  graph  redaction.  Specifically  3-edge 
cutsets  are  used  to  break  up  travelling  salesman  problem  into  four  smaller 
problems.  But  other  reductions  could  also  be  studied.  One  obvious 
direction  is  to  reduce  a  graph  using  its  k-edge  cutsets,  for  any  given  k. 
When  k««  2,  this  works  nicely.  Let  S  and  S  be  the  shores  of  a  2-edge 
cutset.  Then  minimum  cost  Hamilton  eydes  for  GxS  and  GxJ  can 
simply  be  patched  to  produce  an  optimal  solution  for  G.  The  basic 
polyhedral  theorem  (Theorem  2£)  also  holds.  When  k>4,  a  reduction  into 
GxS  and  GxS  does  not  seem-  to  work  since  a  Hamilton  cycle  of  G  may 
use  4  or  more  edges  of  the  k-edge  cutset.  Even  if  every  Hamilton  cycled 
were  to  use  only  two  edges  of  the  k-edge  cutset,  one  could  not  in  general 
use  cost  reductions  0,0,7,...,  (recall  the  basic  reduction  in  Section  2) 
because  they  would  have  to  satisfy  |  *  )  equations  with  only  k  unknowns.' 

A  more  promising  direction  for  investigation  is  to  consider  vertex 
cutsets  instead  of  edge  cutsets.  Suppose  {u,v}  is  a  2-vertex  cutset  of  G. 
Let  G{<?i]  and  be  the  two  connected  components  of  <7{V-{u,v}]. 

(Note  that  three  connected  components  cannot  occur  if  <7  ia  a  Hamiltonian 
graph.)  Then  solutions  of  the  travelling  salesman  problem  in  GxSx  and 
GxSt  can  be  patched  into  a  solution  for  G.  A  simple  polyhedral  theorem 
also  exists. 
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The  most  appealing  generalisation  of  oar  basic  redaction  ocean  by 
allowing  both  edges  and  vertices  in  a  cutset.  (See  Figure  9.) 


Figure  9.  Redactions 


Fint  consider  the  case  where  G  bas  a  cutset  consisting  of  two  edges 
and  one  vertex,  say  edges  e  and  /  and  vertex  w.  We  will  show  that  the 
travelling  salesman  problem  on  G  can  be  reduced  to  five  smaller  problems 
(assuming  both  Sx  and  S,  contain  at  least  3  vertices,)  Let  p€S2  and  j€Sj 
be  the  endpoints  of  edges  e  and  /  respectively.  Compute  the  values 
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Hn™  minimum  coat  of  &  Hamilton  path  from  p  to  q  in  G[S2J 

minimum  cost  of  n  Hamilton  path  from  p  to  q  in  GjSjUfto}] 
Lpm*"  minimnm  cost  of  a  Hamilton  path  from  p  to  w  in  G(5jU{to}] 
minima m  eost  of  a  Hamilton  path  from  q  to  to  in  G[SjU{to}j. 

Now  consider  the  reduced  graph  Gx  given  in  Figure  9.  In  order  to 
reflect  in  Gx  the  coat  of  the  four  Hamilton  paths  computed  above,  we 
introduce  costs  <*,0,7  for  the  edges  a,i,e  respectively  and  we  modify  the 
costs  /(e)  and  /(/)  to  /'  («)«»/(« )-♦-  e  and  /'(/)*/(/)+  ft-  A  proper  set  of 
values  {a,0,7,t,j;}  is  given  by  the  system 

ffM*a+  £+  n 
LM-‘/9+'r+t+n 
L,m»a+  0+  < 

L„»a+  7+  7- 

A  solution  to  this  system  is 

P~±i-2H„+L„+3L,9-L„) 

i 

7— j(-2 H„+  L„-Lf9+  3L„) 

<— n—~(2H„+  L„-Lr9-L„). 

With  these  costs,  a  minimum  cost  Hamilton  cycle  in  Gx  is  also  a  minimum 
cost  solution  of  the  travelling  salesman  problem  in  G. 

The  graph  G\  was  obtained  from  G  by  replacing  the  graph 
G(53U{w}|  by  three  edges  a,4,e-  Similarly  we  can  define  a  reduced  graph 
G7  from  G  by  replacing  the  graph  G(5tU{ur)]  by  three  edges,  say  a'  ,b‘ 
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aad  c' .  Assume  that  we  know  linear  systems  defining  rSP(Gi)  and 
TSP(Gt).  Following  the  proof  of  Theorem  2.2  it  can  be  shown  that  a 
linear  system  defining  TSP[G )  is  simply  the  onion  of  linear  systems  for 
TSP(Gt)  and  TSP(G2).  Note  however  that  the  linear  system  jost  given 
for  TSP(G)  contains  variables  *«,*»,**,*.',**'  and  x^  which  do  not 
correspond  to  edges  of  G.  To  get  a  linear  system  only  in  terms  of  the  edge 
variables  of  G  we  need  to  eliminate  those  6  variables.  It  tarns  oat  that 
this  can  be  done  since  the  following  equations  are  valid  (they  are  degree 
constraints) 

*.+  *— 2-*, 

*,+  *,•■2 -st  and 

2-*(  IF,) 

where  Wt  is  the  set  of  edges  of  G  joining  5,  to  the  vertex  m,  for  **1,2. 

Now  we  will  mention  briefly  the  cases  where  the  cutset  consists  of 
one  edge  and  two  vertices  or  where  it  consists  of  3  vertices.  The  travelling 
salesman  problem  in  G  can  then  be  reduced  to  six  or  seven  problems  on 
smaller  graphs,  respectively.  A  valid  reduced  graph  <7,  which 
accomplishes  this  b  given  in  Figure  9.  The  reader  can  easily  figure  out  the 
costs  that  must  be  associated  with  its  wiggiy  edges.  Again,  if  G2  is  defined 
as  G\  except  that  S2  is  replaced  by  5,,  it  is  still  true  that  a  linear  system 
defining  T5P(<7)  is  obtained  as  the  union  of  linear  systems  for  TSP(GX) 
and  TSP(G9).  However  now  there  are  not  enough  valid  equations  to 
eliminate  the  variables  which  are  associated  with  edges  of  G.  If  we  insist 
on  eliminating  these  variables  we  must  perform  a  Fourier  -  Motzkin 
elimination  (see  e.g.  (1|).  Then  the  size  of  the  system  defining  rSP(C)  can 
increase  exponentially  in  the  number  of  eliminated  variables. 


2-Zy 

*,/+  Xfi  — 2-x, 

2-x(Wz) 
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